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Using recent results of the author on the number of solutions of S-unit equations, 
we give upper bounds for the number of solutions of linear equations in integers 
that have bounded sum of digits in b-adic expansion. In particular we prove: Let 
b,, b, be multiplicatively independent natural numbers. Let cZ, 1 be a constant. 
Then there exists a constant ct dependent only upon c and the number of distinct 
prime factors of b, bz such that the number of naturals n, whose sum of digits in 
base b, as well as in base b2 does not exceed c, is bounded by c, 10 1990 Academic 
Press. Inc. 
1. INTRODUCTION 
In 1970 Senge and Strauss [4] proved that the number of integers, the 
sum of whose digits in each of the bases a and b lies below a fixed bound, 
is finite if and only if a and b are multiplicatively independent. Their proof 
depends upon a generalization due to Lang of the Thue-Siegel-Roth 
theorem and therefore it is not effective, in the sense that given a and b and 
a fixed bound it does not provide an algorithm for finding all integers n for 
which the sum of the digits in base a as well as in base b lies below this 
bound. Stewart [5], using Baker’s method, succeeded in giving such an 
algorithm. In fact, he showed that if a and b are multiplicatively inde- 
pendent, then given c B 1 each integer n > 25 whose sum of digits in base a 
as well as in base b is bounded by c satisfies 
log log n 
log log log n + c, 
<2c+ 1, 
where c, is a positive constant which is effectively computable in terms of a 
and b only. 
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Schlickewei Cl], using the p-adic generalization of Schmidt’s subspace 
theorem, extended the result of [4] to equations +_n, + n2 k . . & nk = 0, 
where each ni has bounded sum of digits in base bi. It is the purpose of this 
note to give a quantitative version of the result of Cl]. We have 
THEOREM 1. Let k 2 2. Suppose b,, . . . . bk are natural numbers larger 
than 1. Let c be a natural number and let n,, . . . . nk be nonnegative integers 
such that for each K (1~ K Gk) nK has sum of digits in base 6, bounded by 
c. Then the equation 
+_n,+n,+ ..+ +n,=O (1.1) 
has only finiteIy many solutions if and only if for each pair (tcl, tcz) 
(1~ IC, < tc2 < k) b,, and b,, are multiplicatively independent. 
It is clear that if, say, b, and b, are multiplicatively dependent with a 
nontrivial relation b”’ = bm2 then we get infinitely many solutions 
mm1 (b, b”“2 , 2 , 0, . . . . 0) of il.1). ‘Thus only the opposite direction of the asser- 
tion needs a proof. In the special case k = 2 the assertion coincides with the 
result of Senge and Straus [4]. In general it is an immediate consequence 
of the following. 
THEOREM 2. Let the hypotheses be the same as in Theorem 1. Assume 
moreover that for each pair (tcl, kz) (1~ tcl < tc2 Gk) b,, and b,, are multi- 
plicatively independent. Then the number of solutions of ( 1.1) does not exceed 
(f3(o + 1))226kr(~‘J+ 1j6, 
where co = o(b,, . . . . bk) denotes the number of prime factors of b, . . . bk. 
The proof of Theorem 2 uses the main auxiliary result of my recent 
quantitative version of the theorem on S-unit equations [3], which in turn 
depends upon my p-adic generalization [Z] of Schmidt’s quantitative sub- 
space theorem. Therefore our proof is ineffective in the same sense as the 
one of Senge and Straus [4]. 
2. A REDUCTION 
PROPOSITION. Let k > 2 and let m,, . . . . mk be natural numbers. Suppose 
that b I, . . . . bk are natural numbers such that for each pair (tc,, tc2) with 
(1~ tcl < tc2 dk) b,, and b,, are multiplicatively independent. Moreover, 
suppose that fo.r each K (1 < tc d k) we are given nonzero rational numbers 
a Kl F ..*9 a Kl?Q. Then the equation 
Kcl (a,,b$l+ ... +a,,b$+)=O (2.1) 
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has not more than 
(gfo + 1 )yW9 + +mk1-2tw + I)* (2.2) 
solutions in integers A,,, . . . . Al,,,,, . . . . A,,, . . . . Akmk such that ,for each K 
(1 < K <k) and for each nonempty subset I, of { 1, . . . . m, 1 
iz aKib^;:-’ # 0. (2.3) 
I( 
We proceed to deduce Theorem 2 from the Proposition. In fact, we are 
asking for solutions nK of (1.1) with sum of digits bounded by c. Hence 
there exist nonnegative integers d,, , . . . . d,, with 0 < d,, + . . . + d,, d c 
such that nK = d,, bb’ + . . . + d,,6AKC with suitable nonnegative integral 
exponents lKi. We divide the set of solutions of (1.1) into classes by 
grouping together solutions nK corresponding to a fixed tuple d,, , . . . . d,, 
(l<K<k). 
Those solutions of (1.1) belonging to the same class are solutions of a 
fixed equation of type (2.1). Thus each class contains not more than (2.2) 
solutions. It remains to estimate the number of different classes. Now, given 
a nonnegative integer c’, the number of nonnegative integral solutions 
d, , . . . . d, of d, + . . . + d, = c’ equals (‘;L: “) and this is less than 2’ - ’ + “. 
Therefore the number of nonnegative solutions of the inequality 
0 <d, + . . . + d, < c is less than 22c. Allowing a factor 2k for the signs in 
( 1.1) we see that there are fewer than 22kc + k classes. For each class we 
apply the Proposition with m, + ... + mk < kc. Therefore the total number 
of solutions of ( 1.1) will be less than 
p~+k(qW + 1))2*6-0+ I)6 < (fqo + 1))2~%J+ I)6 
and Theorem 2 follows. 
3. S-UNIT EQUATIONS 
In this section we quote the main lemma of [3]. This will be the essential 
tool in proving the Proposition. Let S = (pi, . . . . p,} be a set of s rational 
primes. For 1 <j < s denote by 1 Ii the pj-adic absolute value on Q and 
moreover let I I0 be the standard absolute value. We call an element x E Q, 
x # 0 an S-unit if l-I;= ,, lxli = 1, i.e., if x admits only the primes pi E S in its 
factorization. Consider the equation 
a,x,+a,x,+ ... +a,+, x,+1 = 0, (3.1) 
where the ai are fixed nonzero rational numbers. Let U be the 
n-dimensional subspace of Q” + ’ defined by (3.1). 
641/35/3-a 
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LEMMA 3.1. There are not more than 
(fQ+ 1))226+3(s+1)6 
proper subspaces of U, each de3ned by an equation of the type 
(3.2) 
elxl + ... + e,x, = 0, (3.3) 
such that each solution of (3.1) in S-units x, , . . . . x,+ 1 lies in one of these 
subspaces. 
This is Lemma 3.4 of [3]. As mentioned already its proof requires the 
whole Thue-Siegel-Roth-Schmidt machinery. 
4. PROOF OF THE PROPOSITION 
We proceed by double induction on k and on C”,=, mK = M, say. Denote 
the bound in (2.2) by B(k;m, + ... +m,). 
Suppose first that k=2 and M=2. Then (2.1) may be written as 
a,bi’= -a,bp. (4.1) 
If (4.1) had two different solutions (1\“,1:“), (1i2’, A?‘) in z2, then we 
would obtain bf!“- A(,‘) = b$“- “i2’, and b,, b, would be multiplicatively 
dependent, which contradicts the hypothesis of the Proposition. Thus for 
k = 2 and M= 2 (2.1) has not more than 1 < B(2; 2) solutions. 
Now suppose the assertion to be proved for k=2 an for all values of 
m,+m, with 2<m,+m,<M. Ifm,+m,=M(2.1) reads as 
a,, bf” + . . . + aim, bflml + aql b$l+ . . I + azm2 b* = 0. (4.2) 
It is clear that (4.2) is an S-unit equation, where S consists of the prime 
factors of 6, b2. Therefore we may apply Lemma 3.1 with n = M - 1. As a 
consequence there are not more than 
Mu + 1)) 
226M - *3(, + I )6 
(4.3) 
relations of the shape 
e bill + ... +elm,bflml + ezlb$l + . . . +e2,,,- lbp,mz-l = 0, 11 1 (4.4) 
such that each solution of (4.2) satisfies one of these relations. 
We now study the class of solutions of (4.2) giving rise to a particular 
relation (4.4). Let I, be a subset of { 1, . . . . m,} and Z2 be a subset of 
{ 1, . . . . m, - 1 }. Given I, and Z, we consider the subclass of solutions 
satisfying 
c e,,bfll+ c e2ib:2’=0, (4.5) 
iEIl is 12 
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but such that no subsum of xi,,, ei,b~l’ nor of CiE,2e2ibp vanishes. Each 
solution belonging to a fixed class (4.4) satisfies (4.5) for suitable subsets I, 
and I,. It is clear that 2 G \I,( + )Z2( <M- 1, where lZj( denotes the car- 
dinality of Ii. 
There are two possibilities: either I, # @ and I, # a, or there exists 
ic { 1, 2) with Ii= 0. We first treat the case I, # (21 and I, # @. Write 
c a,,bfJc+ c azibp=cl. (4.6 1 
iell itI 
Applying the induction hypothesis to (4.5) we see that there are not more 
than 
B(2; I, + I,) Q B(2; M - 1) (4.7 1 
possibilities for a. If a = 0, (4.2) implies that 
f! a,,bf”+ z a,,b:“=O. (4.8 1 
i= 1 *=I 
14 11 i4 12 
We remark that in view of (2.3) this situation may occur only if both sums 
in (4.8) are nonempty, and then the induction hypothesis applies to (4.6) 
with a =0 as well as to (4.8). Consequently, there are not more than 
B(2; IZ,( + IZ,l) solution of (4.6) with a=0 and not more than 
B(2; M- )I,) - lZzl) solutions of (4.8). Altogether we have not more than 
B(2;lz,l+lz,l~E~2;M-lz,l-lz,l~~B~2;M-1)2 
solutions of (4.2) with a=O. 
If a # 0, (4.2) may be written as 
(4.9) 
To apply the induction hypothesis to (4.10), the term CT: l,i+,z a,,b:” + abi 
may cause trouble, as it may contain vanishing subsums. However by (2.3), 
such a subsum can be only of the shape 
T a,,bp + abi = 0, (4.11) 
where Zc (1, . . . . m,}, 111 #m2, ZXZ,, ZZZ,. For a fixed set Z with this 
property the number of solutions of (4.11) does not exceed 
8(2;m,--JZl+l). (4.12) 
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Moreover, given a relation (4.11) we infer from (4.10) that 
(4.13) 
The induction hypothesis yields the bound 
W; ml - VII + VI - VA) (4.14) 
for the number of solutions of (4.13). However, there are fewer than 
2m* (4.15) 
possible choices for I. To sum up, given a solution (AJicl,, (Izzi)iE,2 of (4.5) 
producing a #O in (4.6), we get by combining (4.12), (4.14), and (4.15) the 
bound 
(2”* - l)B(2; m2 - I4 + lPV;m, - VII +m,- IZ,l) (4.16) 
for the number of corresponding solutions of (4.2). Multiplying (4.16) with 
the number of possible values of a estimated in (4.7) and in view of (4.9), 
we see that each couple of subsets I, # 0, Z2 # 0 with (4.5) induces not 
more than 
2”2B(2; A4 - 1))’ (4.17) 
solutions of (4.2). 
We still have to study the case when II = @ or Z2 = 0. Suppose without 
loss of generality that we have I, = 0. Then (4.5) is of the shape 
Naturally, here (I, I 2 2. Fix an i, E I,. Then we obtain 
(4.18) 
and we may apply the induction hypothesis, getting not more than 
B(2; (I,( - 1+ l)=B(2; IZ,l) (4.19) 
solutions (Ali - 12rJiel, of (4.18). For a fixed solution of (4.18) we put 
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Then (4.2) implies 
1 alib;l’+aiob;lo + 2 a,;b;2’=0. (4.21) 
IlIl r=l 
The definition of ai,, in (4.20) implies together with (2.3) that no subsum of 
the term in brackets in (4.21) vanishes. Thus again the induction 
hypothesis applies and the number of solutions of (4.2) does not exceed 
B(2; m, - II,) + 1 + m*). (4.22) 
Combining (4.19) and (4.22) we infer that a pair I,, Z2 with Z2 = 0 gives 
rise to not more than 
B(2;m,-)z,I+1+m2)B(2;Iz,))dB(2;M-1)2 (4.23) 
solutions of (4.2). There exist less than 2M pairs of subsets I,, I, as in 
(4.5). Therefore by (4.17) and by (4.23) the number of solutions of (4.2) 
corresponding to a single relation (4.4) does not exceed 22MB(2; M - 1 )3. 
Regarding the bound for the number of possible relations of type (4.4) 
given in (4.3) we finally see that (4.2) has not more than 
22MB(‘j; M- 1)3 (8(w+ 1))226M~23(W+l)b~(8(0+ 1))226”-2k”+1+’ 
solutions. Thus the Proposition holds true for k = 2 and for each value of 
M> 2. 
NOW let k > 2 and assume the assertion to be true for each pair (k’, M) 
with 2 <k’ <k and M > k’. We begin by studying the pair (k, M), where 
M = k. Then (2.1) becomes 
a, b;’ + . . * + a,h$ = 0. (4.24) 
Using Lemma 3.1 we obtain not more than (8(0 + 1))‘26ir-z3”J+ ‘I6 relations 
of the shape 
e,bf’+ ... +e k_,bf; =O, (4.25) 
such that each solution of (4.24) satisfies one of Eqs. (4.25). We write (4.25) 
in shortest form omitting summands with coefficients ei = 0. For simplicity 
of notation suppose that we then get 
e,btl+ . . . +e .b”k =O 
k k’ (4.26) 
for a suitable k’ with 2 <k’ <k- 1. By the induction hypothesis we have 
the bound B(k’, k’) < B(k - 1, k - 1) for the number of solutions AI, . . . . j.,. 
of (4.26). Fix one solution A,, . . . . Ak, of (4.26) and write 
qb;‘+ ... + aks b$’ = a,. 
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Then (4.24) becomes 
ao+a,z+Ib$‘;;+ . . . +a,b*=O. (4.27) 
Notice that (4.27) is an equation of type (4.24) in k-k’+ 1 variables if 
a, # 0 and in k -k’ variables if a, = 0. In any case, for a, fixed, (4.27) 
admits not more than 
B(k-k’+l,k-k’+l)<B(k-l,k-1) 
solutions (1,. + i, . . . . A,). Combining the bounds for the number of solutions 
of (4.29) and of (4.27) we see that each relation (4.25) induces not more 
than B(k- 1, k- l)* solutions of (4.24). Taking into account the number 
of relations (4.25) we infer that the total number of solutions A,, . . . . & 
of (4.24) is bounded by B(k- 1, k-l)* (8(0+ 1))226’-23(o+‘)6< 
@to + 1)) 
P-*7(,+ I )6+ P-*3(o + 1)6 Q (8(0+ 1)) 226k-2(W+ I+ = B(k, k), and the 
Proposition is proved for the pair (k, M) with M= k. 
We next assume that the Proposition is true for all VdUeS of m,, . . . . mk 
with k<m,+ ... + mk < M, and moreover for all pairs (k’, M) with 
2 dk’ <k, and we now study the case m, + ... + mk = M. Again by 
Lemma 3.1 we know that the solutions of (2.1) satisfy one of not more than 
R-No + 1)) 
226M-9~0 + I $7 (4.28) 
relations of the shape 
2 e,,b;” 
mk-, mk--l 
+ . . . + 1 ek-,,ibt:r+ c e .b”“=O. kr k (4.29) 
i=l i= I i=l 
For i = 1, . . . . k - 1 let Ii be a subset of { 1, . . . . m,}, whereas Zk is a subset of 
{ 4 ..*, mk - 1 }. Consider the solutions of (4.29) having 
c e,,bi”+ ..’ + c e,,bf’=O, (4.30) 
ia I[ is lk 
but for each K (1 <K < k) no proper subsum of CialK eKibb vanishes. In 
any case II, I + . . . + IZ,l > 2. Let k, be the number of sets Z, # 0 among 
z zk. I > -.a> 
First suppose that k, > 1. Then by the induction hypothesis (4.30) has 
not more than 
B(k,; /I,(+ ... +Izkl)<B(k;ftf-l) (4.31) 
solutions. Given a solution of (4.30) write 
a= 1 al,bf”+ ..- + c a,$$‘. 
ie I, iE Ik 
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Plugging this into (2.1) we obtain 
If a =O, we may apply at once the induction hypothesis to (4.32). 
Otherwise we split the term in brackets in (4.32) into two pices by 
considering subsets I of { 1, . . . . mk > containing Zk as a proper subset and 
such that 
(4.33) 
but no proper subsum of (4.33) vanishes. The induction hypothesis says 
that (4.33) has not more than B(2; I- [Z,l + 1) GZI(2; mk) solutions 
(&i)i, ,., ,*. Moreover, the number of choices of Z is less than 2”k. The 
remaining part of (4.32) then is 
If k, is the number of nonempty sums in the last equation, then by the 
induction hypothesis it has not more than B(kz; lZ1l + . . . + Ilk- Ij + tZ\) d 
B(k; M- 1) solutions. Combining this with (4.31) and the estimate for 
(4.33) we see that a fixed tuple of subsets Zr, . . . . Z, with k, 7 1 gives rise to 
not more than 
2mtg(2;Mk)B(k;M-1)*~22m’B(k;M-1)3 (4.34) 
solutions of (2.1). 
We still have to treat the case when k, = 1, i.e., when exactly one of the 
sets I,, . . . . Zk is nonempty. Suppose for simplicity of notation that II # a. 
We fix i0 E I, and we infer from (4.30) that 
By the induction hypothesis this equation has not more than 
B(2; (I,(-l+l)=B(2;IZ,I)~B(k;M-1) solutions (E,,i-A,i,,)ie,,. For 
any such solution we put 
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Then (2.1) may be transformed into 
ml 
a’b;‘o+ c a,ibi;” + 2 a2ibl” + , . . + T a,,bp=O. (4.35) 
i=l i= 1 i=l 
But the number of solutions of (4.35) is by the induction hypothesis not 
larger than B(k; M - l), so that for kl = 1 each tuple I,, . . . . Zk gives rise to 
not more than 
B(2;M-1)B(k;M-1)<B(k;M-1)2 
solutions of (2.1). 
(4.36) 
The number of possibilities for I,, . . . . Zk is less than 2”. Therefore, and 
in view of (4.34), (4.36), Eq. (2.1) has not more than 
2=“B(k; A4 - 1 )3 
solutions satisfying a relation (4.29). Allowing the factor in (4.28) for the 
number of relations (4.29) we finally see that the total number of solutions 
of (2.1) is bounded by 
22MB(k; M- 1)3 (8(u( + 1))226M~23(W+1)6< (8(u+ 1))226M-2(0+1)6= B(k; M). 
This finishes our induction and hence the proof of the Proposition. 
REFERENCES 
1. H. P. SCHLICKEWEI, An extension of a result of Senge and Straus, manuscript. 
2. H. P. SCHLICKEWEI, The number of subspaces occurring in the p-adic subspace theorem in 
diophantine approximations, to appear in J. Reine Angew. Math. 
3. H. P. SCHLICICE~EI, An explicit upper bound for the number of solutions of the S-unit 
equation, to appear in .I. Reine Angew. Math. 
4. H. G. SENGE AND E. G. STRAUS, W-numbers and sets of multiplicity, Period. Math. 
Hungar. 3 (1973), 93-100. 
5. C. L. STEWART, On the representation of an integer in two different bases, J. Reine Angew. 
Math. 319 (1980), 63-72. 
